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Abstract 

In this paper we present semiclassical computations of the splitting of folded spinning strings 
in AdS3, which may be of interest in the context of AdS/CFT duality. We start with a classical 
closed string and assume that it can split into two closed string fragments, if at a given time two 
points on it coincide in target space and their velocities agree. First we consider the case of the 
folded string with large spin. Assuming the formal large-spin approximation of the folded string 
solution in AdS3, we can completely describe the process of splitting: compute the full set of charges 
and obtain the string solutions describing the evolution of the final states. We find that, in this 
limit, the world surface does not change in the process and the final states are described by the 
solutions of the same type as the initial string, i.e. the formal large-spin approximation of the 
folded string in AdS3 . Then we consider the general case — splitting of string given by the exact 
folded string solution. We find the expressions for the charges of the final fragments, the coordinate 
transformations diagonalizing them and, finally, their energies and spins. Due to the complexity of 
the initial string profile, we cannot find the solutions describing the evolution of the final fragments, 
but we can predict their qualitative behavior. We also generalize the results to include circular 
rotations and windings in S 5 . 
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1 Introduction 



Decay properties of massive strings have been studied for a long time [HI21E1I11E1E1E1E1E1 QUI Ell 
[T2"| [TB"] W$\ [T5] . In this paper we present semiclassical computations of the splitting of folded spinning 
strings in AdS3. Classical string solutions have proved to be a useful tool for exploring the AdS/CFT 
correspondence in the sector of large charges p^l [T71 fTHl fT9l [20l [2T1 [22l [23] . 

For flat Minkowski space splitting of semiclassical strings was analyzed in detail in |12[ I13| . for 
Rt x S 5 space in [HI [15]. There is an obvious lack of results in AdS space, and the purpose of 
the present paper is to fill this gap. Following the conventional approach, we start with a classical 
closed string and assume that it can split into two fragments, if at a given time tq two points on it 
coincide in target space and their velocities agree. Closed string periodicity conditions are separately 
imposed on each of the two final pieces. Initial conditions are defined by the initial string at To The 
relations between the energies and spins of the cut fragments — together with "conservation laws" 
of splitting E(Ei, En, ...), S(S\, Su, ...), etc — are completely determined by the charge conservation. 
Thus they may be found (at least parametrically) for the initial string solution of arbitrary complexity. 
Determining the evolution is much more complicated: one has to solve the string equations with the 
boundary conditions given by a part of the profile of the initial string. At the moment, this is possible 
only in the simplest cases. 

The main purpose of this paper is to investigate splitting of folded spinning string in AdS3 [17] 

Y + iY 5 = dn^V, -I 2 ] e iKT , Yy + iY 2 = £ sn^rV, -I 2 ] e iuT , 

2 - K[ -A 4 = i + ' (L1) 



7T K 



2 < p 



where sn[z, m] and dn[z, m\ are Jacobi elliptic functions, K[z] is the complete elliptic integral of the 
first kind. First we consider the limit of the folded string with large spin. Then solution (jl.ip may be 
approximated by 

Y + iY 5 = cosh(Kcr) e iu]T , Yi + iY 2 = sinh(Kcr) e iuJT , k = u » 1. (1.2) 

In this simple case, we can completely describe the process of splitting: compute the full set of charges 
and find string solutions describing the evolution of the final states. It appeared that when such a 
string splits, the world surface does not change in the process and the final states are described by 
the solutions of the same type as (jl.2p : 

il,II0 + ^I,ii5 = cosh( KliIl£ j) e iftI ." r , F I)in + zY I)II2 = smh(K LU a)e l ^ T , k t ,ii = k ' ^ 2a \ (1.3) 

Z7T 

where <7o parameterizes the coordinate of the splitting point. 

In the general case we find expressions for the charges of the final fragments, the coordinate trans- 
formations that diagonalize them and, at the end, their energies and spins as the functions of £ and 
a"o (in the coordinate system where no non-Cartan components present). These are 



Ei,u = ^-^(KCi, n + w§i,ii) 2 - W^ n (w + ^) 2 + (/cC^n - ^§i,ii) 2 - Mj 2 n (w - k) 2 

[—— ; - — — ; ; — y/\ 



ftji = -^-y (KCi, n + ^§i,ii) 2 - M 2 n (u; + k) 2 - ^-^/( K C hU - ^§i,ii) 2 - M 2 n (u; - k) 2 . 
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Here 

kCi,h = iffoid =f — E [am^Vo, -1% -f] , 

Z 7T 

wSi, n = i^foid T V~l + P (-^cr K[-e 2 ] + E [am^Vo, -i\ -£ 2 ] ) , (1.5) 
Mi ii = ±— en f^-Vo, -I 2 ] , 

KIT 1 J 

where £f id = V^£foid and 5/ ^ = \/A<Sfoid are the energy and spin of the folded string (jl.ip ; E[z] 
and E[z, m] are the complete and incomplete elliptic integrals of the second kind, respectively, and 
cn[z, m] is a Jacobi elliptic function. These relations parametrically encode the conservation laws of 
splitting, namely E(Ej, En), S(Si,Su), etc. 

Due to the complexity of the folded string profile (jl.ip , we are unable to find the solutions describing 
the evolution of the final fragments explicitly. However, we can describe the evolution qualitatively. 
Let us examine the case of large but not infinitely large (as in (jl.2p ) spin, with the cut occurring far 
enough from the string ends for a$ to satisfy k{k/2 — <tq) S> 1. In this limit one expects the final pieces 
to have almost the standard folded shape (jl.ip . disturbed by a kink moving along the string, similar 
to the one observed in flat Minkowski space |12j . The kink is a "correction" to the "leading" folded 
shape of the cut fragments, thus the angle of bending has to depend on the position of the kink. It 
may be substantial at the string ends but must be small close to the center. 

The results obtained for the folded string in AdS3 generalizes to include circular rotations and 
windings in S 5 . We discuss such a generalization with the example of the string in AdSsxS 3 . 

The rest of the paper is organized as follows. In Section 2 we introduce notations and discuss 
a general approach to studying splitting of classical bosonic closed strings in AdSsxS 5 . Section 3 
is a review of the splitting of the folded strings in flat Minkowski space. Section 4 is dedicated to 
the splitting of Gubser-Klebanov-Polyakov folded strings in AdS3. The results obtained in AdS3 are 
generalized to include circular rotations and windings in S 5 in Section 5. 

2 Splitting of closed strings in AdSsxS 5 . General formalism. 

In this section we discuss a general approach to studying of splitting of classical closed bosonic strings 
in AdS 5 xS 5 . 

The action for a bosonic string in AdSsxS 5 reads 

I B = \TjdrJda{L AdS + L s ), T = ^ = (2.1) 
o 

where 

L AdS = -d a Y P d a Y p -A(Y P Y P + 1), L s = -d a X M d a X M + K{X M X M -l). (2.2) 

Here Xm, M = 1, 6 and Yp, P = 0, 5 are embedding coordinates of i? 6 with the Euclidean metric 
Smn = (+1,+1,+1,+1,+1,+1) in Ls and of R 2 ^ with tjpq = (-1, +1, +1, +1, +1, -1) in L AdS , 
respectively (Yp = tjpqY®). A and A are the Lagrange multipliers imposing the two hypersurface 
conditions: 

r]p Q Y p YQ = -1 X M X M = 1. (2.3) 
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The action (|2.ip is supplemented with the conformal gauge constraints 

Y P Y P + Y' P Y' P + X M X M + X' M X' M = 0, Y P Y' P + X M X' M = (2.4) 
and the closed string periodicity conditions 

Y P (r, a + 2vr) =Y P (r,a), X M (r, a + 2tt) = X M (r, a). (2.5) 
The classical equations of motion following from (|2.ip are 



d a d a Y P - AY P = 0, A = d a Y P d a Y p , Y P Y P = -1, 

d a d a x M + ax m = o, A = 9 a x M a a x M , x M x M = i. 



(2.6) 



The action is invariant under the (50(2, 4) and SO(6) rotations with correspondent conserved (on-shell) 
charges 



27T 2tt 



/j n i 

^(YpYq - YqYp), Jmn = VXJ ^(XmX n - X N X M ) ■ (2.7) 



We will be working with "spinning" string solutions which have nonzero values of these charges. 

It is useful to solve the constraints (|2.3p by choosing an explicit parametrization of the embedding 
coordinates Yp and Xm, e.g. 



*05 = Y + iY 5 = cosh pe lt , 
Y12 =Y X + iY 2 = sinh p cos Oe^ 1 , Y u = Y 3 + iY 4 = sinh p sin 6e^ 2 ; 

X\2 = X\ + 1X2 = sin 7 cos ipe^ 1 , X34 = A3 + iX 4 = sin 7 sin ^e 1 ^ 2 

A 56 = A 5 + iA 6 = cos 7 e^ 3 . 
The corresponding metrics take the form 



(2-f 



(2.9) 



ds AdS 5 = - cosh 2 p dt 2 + dp 2 + sinh 2 p (d8 2 + cos 2 6 dcp 2 + sin 2 6 #|) (2.10) 

ds^5 = cos 2 7 cZc^§ + dj 2 + sin 2 7 (cfa/> 2 + cos 2 ?/> (ic^ 2 + sin 2 ip dip 2 ,). (2-H) 

The Cartan generators of SO(2, 4) corresponding to the three linear isometries of the AdSs metric are 
the translations in the AdS-time t and two angles and (f>2 ■ 

So = S 05 = E = VXS, S 1 = S 12 = V\S 1 , S 2 = S U = V\S 2 . (2.12) 

The Cartan generators of SO(6) corresponding to the three linear isometries of the S 5 metric are the 
translations in the three angles ipi, ip% and ip 3 : 

Jl = J 12 = V\Jl, J 2 = J 3 4 = V\J 2 , J 3 = J 56 = V\J 3 . (2.13) 

Let us consider a string solution 

X M = X inM (T, a), Y P = Y inP {r, a) (2.14) 
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with energy E and spins S n , Jk- We assume that if at a given tq two points on the string coincide in 
the target space 

XinAl(To,<Tl) = X inM {TQ,(J2) Y in p(T , CTl) = Y in p(T , U 2 ) (2.15) 

and their velocities agree 

XinM(jo, (Ti) = X inM (T 0l a 2) YinP(T ,(Ti) = Y inP (T ,a2), (2.16) 

then the string can split into two pieces 

fragment I : a G (0, a x ) U (cr 2 , 2vr) (2.17) 
fragment II : <r € (01,02). 

The behavior of the cut fragments is governed by equations (|2.4p and (|2.6|) with the boundary condi- 
tions defined by the initial string at the moment of splitting: 



x im{to,o) = X inM (T ,a) Yi P (ro,a) = Y inP (T ,a) 

Xim(t ,(j) = X in M(T ,a) Yip(t ,cf) = Y inP (T ,a) 

XiiM( T o,cr) = X inM (T ,a) Yiip(ro,cr) = Y inP (To,a) 

Xiim(tq,<7) = X inM (To, a) Yiip(t ,ct) = Y in p(To,cr) 



a£ (0,ai)U(a 2 ,27r); 

(2.18) 



The closed string periodicity conditions are imposed on each fragment separately: 

Xi,u m (t , a) = X U i m {t , a + 27ri, n ) 2tti = 2tt - (<r 2 ~ <n) , 2 1q n 

^i,iip(t,o-) = il,n P (r,cr + 2^11), 2tt u = a 2 - <J\. 

Conditions (|2.18p and (|2.19p uniquely determine the final states. The relations between the energies 
(E\\\) and spins (Sijin, J\,\\k) of the cut fragments — together with "conservation laws" of splitting 
E{E\, En, ...), 5(51,511,...), etc — are completely determined by the charge conservation. Thus they 
may be found (at least parametrically) for the initial string solution of arbitrary complexity. Deter- 
mining the evolution is much more complicated: one has to solve the string equations (|2.4|) . (|2.6p with 
the boundary conditions f|2. 18j) and (|2.19p . At the moment, this is possible only in the simplest cases. 



3 Splitting of folded strings in the flat space. A review. 

In this section we review splitting of the folded strings in flat Minkowski space |12j . The solution for 
the folded strings in flat Minkowski space reads 

Xo = It , X\ = pcoscj) = £cos(o") cos(t) , X 2 = ps'm<J) = £cos(a) sui(t). (3.1) 

The energy and spin 

s = e, j = l -i 2 (3.2) 

obey the standard Regge relation £ 2 = 2J ' . 

Any two points on the string parameterized by o\ and a 2 = 2tt — u\ coincide in the target space 
and their velocities agree at any given time. Let us assume that at tq = the string splits into two 
pieces. The cut occurs at X\ = ^cos(a7r), X 2 = 0, i.e. a cu t 1 = an and a cu t 2 = 2ir — an : 

fragment I : a G (0, an) U (2tt — an, 2ir) 1 (3 3) 

fragment II : a G (an,2n — an), 2 
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CJ = 71 



o = 7ta 

out 1 „ „ 

o = 7i/2 o = 0, 2jt 



o = 37C/2 



\ 



o L „ = 2n -Tta 

CUt 2 



Figure 1: Splitting of the folded string in the flat space. 



Here without loss of generality < a < ^, i.e. the fragment I is always "smaller" than the fragment 
II (see schematic plot in figure [1]). 

Quantum numbers of the fragment I are the energy (£i), linear momentum (Pn = VXPn) and 
angular momentum (Ji). 

na 

^-X ol = £a, (3.4) 

o 

Vn = 0, (3.5) 

iva ira 

^, f da ■ f da , , ^sin(7ra) 

V12 = 2 / — X 12 = 2 / — cos a = K —L , 3.6 

J 2tt J 2tt it 

na 

„ f da , ■ n / sin(2-7ra) \ 

J l = C l + S l = 2 J — (X ll X l2 -X ll X l2 )=l 2 ai —— -L-lj . (3.7) 

o 

Here the orbital momentum (L\ = \f\C\) and spin (Si = y/XSi) areS 



(na) 2 ' \ ira (ira) 

The mass of the fragment I, i.e. its energy in the center-of-mass system read 



1 Orbital momentum is denned as Ci = X cm i V12, where X cm i is the coordinate of the center of mass of the string 



77 a 



X cm i = — f da Xix = — ■ — - — - ■ 



nil 
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The conserved charges for the fragment II may be found similarly: 

Su = t{\ - a), Vn = K — L , Jn = Cn + S u , 

7T 

2 sin (mi) ' 



Mfi = - = t [{l - aY -^-L \ , (3.10) 

Ai = i 2 (l - a) 7^4 , Sn = -a)(l+ ,™ 2(7r °> + Sin(2 " a) 



(vr(l-a)) 2 ' 11 v 'V (vr(l - a)) 2 vr(l - a) y " 

The energy, linear momentum and angular momentum are conserved in the process of splitting: 

Si + S u = £ , V12 +Vii2 = , Ji + Ju = J . (3.11) 

The string solution describing the evolution of the final states may be found using the general 
solution for a closed bosonic string in flat Minkowski space. Imposing the boundary and periodicity 
conditions [12] on it, one finds 

*io = 2£r, 

^sin(mi) I ^ (— l) n t nT \ i na \ \ 



Xn = 1 + 2 > - 4rCOs( — )cos( 

vra I ^ 1 _ 4 a 

\ n=l a 2 / 

^sin(vTa) / ^ (-1)™ . ,2nr, .2na, 
X I2 = — k + 2a^ v ; a . an cos 



(3.12) 



where — it a < a < ira, and 



Xu 



X U0 = 2£t, 

V ^"(I^ (1 " a) (l-*) ) (3.13) 
^sin(mx)/ , . ^ (-1) 



XU 2 = ~ W^) [ T + " ^ S n(l-"^) Sm( (T^) ) ^ (1 - a) 

where — vt(1 — a) < a < vt(1 — a). 
Summing the series up, we obtain 



where 



and 



r) = X+ (a + ) + Xr n (a-), a ± = a±r, (3.14) 



X±=± £ -aa±, Xf^idio*), Xf 2 = ±^[?^a± + §i(a±)], (3.15) 

Ci(0 = cos«) , Si(0 = sin«) - for < £ < tt , 

d(f) = cos(a£ - 2a7r) , §i(g) = sin(ag - 2avr) - sm ( Q7r ) _ ^ for tt < £ < 2tt 

7T 



X^i^l-a)^, = ^Cn(^), ^f^i^-^l^ + Sn^)], (3.16) 

C n (0 = cos((l - a)£ + air) , S n (£) = sinffl - a)g + ott) + sm ( Q7r ) g for < £ < 2m 

7T 
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In the expressions (|3.15p and (|3.16p . the world-sheet parameters are rescaled as 



fragment I : r, a — > ar, aa , , 

fragment II : t, a — > (1 — a)r, (1 — a)a. 

The derivatives X^ Ui , i = 1, 2 have discontinuities at the points of splitting, i.e. at <t ± = tt for the 
fragment I and = for the fragment II. These discontinuities show up as an angular bending on the 
folded shape of the strings moving along the strings as a function of r (for more details see the original 
paper [E]). Equations (|2.6p are satisfied at each point on the string, in spite of the discontinuity. The 
5— functions arising from the second derivative da-^Xijn cancel with those coming from d T)T Xijn, due 
to the chiral properties of ()3.14p . 

4 Splitting of folded strings in AdS3. 

In this section we discuss splitting of Gubser-Klebanov-Polyakov folded spinning strings in AdS3. 
4.1 Folded string in AdS3 

The folded string solution in the AdS3 in the embedding coordinates read [17] 

Y 05 = cosh/) e iKT , Yu = sinhp e iuJT , (4.1) 

where 

w 2 1 

sinhp = £sn[/c£~V, -£ 2 ] , coshp = dn[^ _1 cj, -£ 2 ] , — = l + — . (4.2) 

Here sn[z, m] and dn[z, ?7z] dbiQ the Jcicobi elliptic functions, £ defines the length of the string: sinh /?max — 
£. 

Expressions (I4.2p are valid on the interval < a < ^ only. To get the formal periodic solution on 
the interval < a < 2-/r one has to combine four stretches of (14.21): 



(4.3) 



Y 5 = cosh p(a)e iKT Y 12 = sinh p(a)e iulT for a G [0, f ) 

Y 5 = coshpjvr - a)e iKT Y 12 = sinhp(7r - a)e iulT for a G [f , vr) 

y 5 = cosh p{p - Tr)e iKT Y 12 = - sinh p(a - Tr)e iujT for a G [vr, 



Y 05 = cosh p(2ir - a)e iKT Y 12 = - sinhp(27T - a)e iur for o-g[^,2tt). 
and impose 

Y P (a + 2ir) =Y P (a). (4.4) 
The closed string periodicity conditions require 



TT 

The energy and spin are 



2 -lK[-e 2 }. (4.5) 



£ = -£E[-£ 2 }, S = -y / l + £ 2 (E[-£ 2 } - K[-£ 2 }) . (4.6) 

7T TT 

Here M>[z] and E[z] are the complete elliptic integrals of the first and second kinds, respectively. 



S 



The classical energy of the string in the limit of large spin is |17] [2 



Ec S + ^ln^= + ..., (4.7) 
7T a/A V A 

4.2 Large-spin limit. Formal k = uj approximation. 

There is a useful simplification of the solution (|4,2p . when the spin of the folded string is large: 

p = KG , K = CJ > 1. (4.8) 

This is a formal limit, asK-^w implies £ — > oo. 
The energy and spin read 

Expansion of the classical energy in large 5 is consistent with the one coming from (|4.6p in the first 
two order^l 

E ~S+—hi-?= + ..., -^>1. (4.10) 
vr VA \/A 

Any two points on the string parameterized by o\ and 02 = vr — <ti coincide in the target space and 
their velocities agree at any given time. Let us assume that at tq = the string splits into two pieces. 
The cut occurs at p = kcto, i-e. cr cu t i = do an d cr cuf 2 = vr — do 

fragment I : a G (a , vr - cr ) 1 , » 

fragment II : cr G (0, cr ) U (vr - a , 2tt), 2' 1 ' ; 

Here without loss of generality < o"o < 5, i.e. the fragment I is always smaller than the fragment II 
(see schematic plot in figure [2]) . 

Approximation (|4,8p is invalid close to the string ends, thus we have to demand 

^-<ro»-. (4.12) 

Z K 

The charges (5i,ii)pq of the cut fragments read 

k fir \ sinh(K7r) =F sinh(2KO"o) 
(61,11)05 = 7T- « T^b + 



2tt V2 1 ') 4vr 
. K f n \ sinh(K7r) =F sinh(2KO"o) 

(<i \ (<1 \ _^ cosh ( K7r ) -cosh(2^ao) 

(t>I,Il)02 — -(pl,ll)51 — ± : , (oi.lljoi — U, (01)52 — U. 

47T 



They are conserved in the process of splitting 



£ = £~05 = (61)05 + (6n)o5) S = (61)12 + (5n)i2, 

(£"i„)()2 = (61)02 + (611)02, (6)51 = (61)51 + (611)51. 



(4.14) 



There is an elegant method to obtain expansion for £{S) in large or small S with arbitrary accuracy [25] . 
3 One has to be careful using (|4.8[) for computing charges. It is easy to see, that the absolute values of £ and S in (|4.9[) 
approximately twice exceed those of (|4.6p taken at equal re. This inconsistency comes from the fact, that approximation 
(|4.8[) is invalid close to the string ends [24] , while the largest contribution to the charges comes exactly from them. 
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o = 3ti/2 CT = 0;27t G cuti =G o^ = ^2 



O = Jt 



CT CUt2 = 7r - a 



Figure 2: Splitting of the folded string in AdS3. 



Spins of the fragments I and II given in (|4.13p have non-Cartan components, as they are written in 
the "center-of-mass system" of the initial string (the coordinate system where Spq of the string has 
Cartan components only). It is more natural to analyze the fragments in their own center-of-mass 
systems. Let us diagonalize (<St,ii)pq. 

Performing the boost rotations independently for each string 



^i,iio \ _ ( coshaiji sinhaiji \ / Y^no 
Yi.ni / V sinhayi coshai,n J \ Yi t m 

Yi,ii5 \ _ ( cosh/^iji smh/3i, n \ / ^115 
?[,ii2 / V sinh A,ii cosh^n / V ^112 

with the parameters {a\,f3\ for the fragment I and an,/3n for the fragment II) 



(4.15) 
(4.16) 



ai,il = £1,11 = T^(| ± tfo) , (4.17) 
we find the energies and spins of the cut fragments in their own center-of-mass systems^) 



These expressions coincide with (|4.9p up to parameter definitions. The expansions of the classical 
energies i^i n(iSi n) in large spins obviously agree with 10|) : 

E I , l ^S l , n + ^ln^ + ..., %»1. (4.19) 
Let us find the string solutions describing the evolution of the cut fragments. 



4 Any rotation in the Y0Y5, Y1I2, Y0Y2 or Y5Y1 would result in (<Si, 11)01 and ((Si, 11)52 gaining nonzero values. We are 
left only with boosts in Y3Y1 and Y5Y2 planes. 



3 Making use of (|4^2)) . we set sinh(«:(f =F o"o)) ~ |e re( t T CT o) _ 
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The evolution of the fragment I is governed by the string equations (j2.4j) and (j2.6[) with the initial 
conditions at tq = (written in the center-of-mass of the fragment): 



Yio = cosh 
Yis = 
-^-Yi5 = Kcosh 

OT 



K I i 

0. 



" 4 2 
Y I2 = 0, 



Yn = sinh 







k a 



7T cr 
K O" 

4 2 



Ay 

— — Yr 2 = K sinh 
<9r 



vr _ ^0 
4 2 
0, 



(4.20) 



vr cr 

K (T 

4 2 



for the interval do < cr < \ and the same expressions with a — > ir — a for the interval ^ < a < ir — <jq. 
After rescaling of the world-sheet parameters a to £ in such a way that <tq < c < ^ — > — | < £ < ^ : 



7r-2cr . 7T <T 7T-2(To 

<t = F H and r = 77, 

2?r s 4 2 2vr 

we rewrite (|4.20|) in the following form 

Yio = cosh(Ki£), Yh = sinh(«i£), Yi 5 = 0, Y I2 = 0, 

<9~ 9 ~ 9 ~ <9 ~ 

7^-^10 = 0, — Y/i = 0, — Yi 5 = kicos1i(ki£), — Y12 = Kisinh(«i£), 
or] orj orj orj 

7T — 2<To 
Kt = K- 



(4.21) 



(4.22) 



2vr 



Such boundary conditions are satisfied by 
Y I05 = cosh(/q£)e^, 



Y112 = sinh(Ki£)e 



(4.23) 



That is the same as (I4.8D up to parameter definitions. 
For the fragment II we get similar result 



Yn 



05 



cosh(Kn£)e iK11 '', Yni2 = sinh(KnOe iKnr ', k u = k 



7T + 2(T 

2tt 



(4.24) 



Making use of (|4.9p and (|4.18p the following conservation laws of the splitting may be derived_j 

S 1 - 2 ' 8 = 4vr£: i 1 - 2/ ^ 4- 2/f " , S 1+2 ^ s = 4nSl +2/Sl 5 n +2/5 " . (4.25) 
The boost parameters (|4.17p may be expressed as 



£l-2/£ 51+2/5 
ai,n = A,n - T In ^ Q/r ,„ — T hi ■ 



c l+2/5i, n ' 



(4.26) 



Given (|4.8p . ()4.23p . (|4.24p and (|4.17p we see that when the initial string described by the formal 
K = uj limit of the folded string (|4.8|) splits into two pieces the world surface does not change and the 
fragments are described by the solutions of the same type as the parent string. 



Here we used the relations 

£ = — 7T+— e K7r => ln£ = kit - Iu4ty + 2irne~ K,r 

2-7T 47T 



K7r = In £ + In 4-7T — — Inf. 
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It is interesting to point out that (|4.8p is not just a formal approximation of the folded string profile 
(in the limit k = oj — > oo), but a true solution of the string equations (|2.4p . (|2.6p (with arbitrary values 
of n = cj) . Strings of this type have a peculiar property. They may be divided into an arbitrary number 
of fragments each of which is an independent solution of the same type as (|4.8p . simply boosted from 
its center-of-mass. However, its stretches may not be consistently glued to form a closed string. Such 
glued string would have jumps of the first derivatives at the string ends p'(cr eiK j s + 0) 7^ p'(<7 e nds ~~ 0), 
resulting in //'(fiends) ~ S(a ± o" cn ds)i and, consequently, would not satisfy (|2~6|ffl The 5— functions 
arising on the r.h.s. of the equations (|2.4p may be interpreted as point masses attached to the string 
ends [26] . 

4.3 String with an arbitrary spin. The general case 

In this section we discuss the most general case of splitting of folded strings in AdS3. Starting with 
the folded string solution in its exact form (|4.ip . (14.2H . (|4.5p and, following the approach of section 
14.21 we assume that the string splits into two fragments (I and II) defined in (|4.1ip and in figure [2l 
Their charges (<St,ii)p<3 read 

(5i, n )o5 = «Ci, n = - {n-t 2 } TE [am[^-Vo,-^W 2 ]) , 

7T 

(5i,„) 12 = wSi,n = - y/1 ^ e2 (irT2a )K[-e 2 ] + {E[-£ 2 } T E [am^ V , -i\ -£ 2 }) , (4.27) 

(51,11)02 = wMi, n = ±-Wl+P cn [ K rV , -I 2 ] , (5i,n)i5 = KMi >n = ±^£ 2 cn [kTVo, , 

(5i,ii)oi = (51,11)52 = , 

where E[z, m] is the incomplete elliptic integral of the second kind. We want to find a coordinate 
systems where the non-Cartan components of the spins vanish and find the energies and spins of the 
final fragments. (5t ; ii)pq may be diagonalized by boosts in the YqYi and Y 5 Y 2 planes (|4.15|) . (|4.16p 



with parameters^ 



. , , ,0 x Mi, n (w + K) 

smh(o! Ii n + A,n) = - 



sinh(ai i n - /^n) 



(kC 1>u + w§i,ii) 2 - M 2 n (w + k) 2 
Mni(w - k) 



(4.28) 



^/(«Ci,n - wSi, n ) 2 - Ml n (uj - k) 2 ' 
where 

Ci, n = — (EH 2 ] =F E [am^-Vo, -^ 2 ], -I 2 ]) , Syi = -ZL±J^° + CljII 

K/7T jli 



h,n = ±— cn [/crV , -^ 2 ] , k = K[-£ 2 ] 



(4.29) 



7 In the flat space this inconsistency is avoided due to the chiral properties of the solutions for the final fragments 
(see above). 

8 Vanishing of the non-Cartan components of the spins implies 

Mi,h(k + w) cosh(ai,n + /3i,n) + (kCi,h + wSi.n) sinh(ai,n + /3i,n) = 
Mi,h(k - w) cosh(ai,n - /?i,n) + (kCi,h - wSi,n) sinh(ai,n - /3i,n) = 0. 

That leads to ((4728]) . 
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Then the energies and spins of the cut fragments read 



Si,n = Ja/(/cCi,h + ^§i,ii) 2 - M* u (u + k) 2 + L/(kCi,h - wSi, n ) 2 - M 2 lu (u - rc) 2 

I v ! ? v ! (4.30) 

= j V ( kC MI + wS i,n) 2 " M i 2 ii( w + K ) 2 " 2 V (kCiji " wSl ' n)2 " Ml2 " (w " K)2 ' 

These relations parametrically encode the conservation laws of splitting, e.g. E(E\, En), S(Si,Sn), 
etc. 

The evolution of the fragments I and II is governed by the string equations (|2.4p and (|2.6p with the 
boundary conditions given by the initial string (|4.ip . (|4.2p . (|4,5p on the intervals (|4.11|) at tq = 0. Due 
to the complexity of the folded string profile (|4.2p . we are unable to find solutions to these equations. 
However, we could describe the evolution qualitatively based on the result of section 14.21 and section 
[3l in the limit of large — but not infinitely large (as in (|4.8p ) — spin, so long as the cut occurs far 
enough from the string ends for ctq to satisfy k(tt/2 — cjq) 3> 1. In this case, one should expect the final 
pieces have almost the standard folded shape (|4.ip . (|4.2p . (|4.5p . which is disturbed by a kink moving 
along the string, similar to that observed in flat Minkowski space, see section [3] and [12] . The kink is 
a "correction" to the "leading" folded shape of the cut fragments, thus the angle of bending has to 
depend on the position of the kink. It may be substantial at the string ends but must be small close 
to the center. 



5 Splitting of strings in AdS 3 xS 5 . 

In this section we generalize the results for the splitting of the folded string in AdS3 to AdS3xS 5 , 
including into consideration circular rotations and windings in S 5 . 

Let us consider the string solution having the folded shape in the AdS3 and the circular one with 
windings in S 3 : 



1-05 = coshp e iKT , F 12 = sinli/)e iiJT , 
X 12 = ae i{uT+ma \ X M = be i{vr - ma \ a 2 + b 2 = 1, m e N, 



(5.1) 



where 



sinh/9 = I sn[/&rV, -I 2 ] , K = —I K[-£ 2 }, 
u? 1 ^ ( 5 - 2 ) 

.. J- _9 9 , 9 On _9 O , 9 On 



~2 2 I 2 i 2\ ~2 2/2,2 

^ — 1 + -p-, uj = u — [y + m J, k =k — [y + m 



Comparing that with (14. ip . (j4.2[) and (14. 5p . we see that the only result of accounting for the S part 
is redefinition of k,cj — > k,w. That is also true if one adds other spins and windings in S 5 . 

Combining together four stretches of (|5.ip . each of which is valid on the interval < a < ^, we 
obtain a periodic solution on the interval < a < 2tt. Its classical energy and spins read 



£j = 2 - ? m-p] = J±p + m2+(Ji t^ ))2 E { -i 2 ] 



7T K 



K 2 [-£ 2 ] 



2 w J, , ?2 /nrr ?2n_ / 4 „ , , 2 n , m 2 + (Ji + Jo,)) 2 , 



5 J = - Z yJi + e 2 (E[-r] - K[-r]) = , + \7 ' (E[-f]-K[-f]), 

7T (J 



Ji = a 2 i/, J 2 = & 2 f, ^ = Ji + Ji ■ 



K 2 [-£ 2 ] 

(5.3) 
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Following the approach of section 21 first, we consider the limit of the string with large spin in AdS3. 
Then the AdS-part of the solution (j5.2[) may be approximated by 



p = \J k 2 — (y 2 + m 2 ) a = ka , k = oj, k> 1. (5.4) 

This is a formal limit as K — > oj implies i — > 00. 
The energy and AdS-spin of the string read 

Spins in S 3 are unaffected by the limit. 

Two points on the string parameterized by a\ and 02 coincide in the target space and their velocities 
agree, if o\ = cr , 02 = it — 00 and 

a =( — ) vr, neN, ifm/0 (5.6) 
\2 m J 

or for arbitrary uq if m = 0. The string is not folded in AdSaxS 3 , when m/0. 
Approximation (|5.4p is invalid close to the string ends, thus we have to demand 

7T 1 

77 " ^0 > - 5.7 

for the coordinates of the cut (cr cut i = 00 and o" cut 2 = vr — o"o). 
The charges (Sf u )pQ of the cut fragments read 

oJ k /"it \ K sinh(K7r) =p sinh(2KO"o) 
(Si,„)o5 = ^ U T CT0 J + S "4^ ' 



k fir \ k sinh(/t7r) =p sinh(2K(To) 
(\11J12 = -75- U^^ +7 



(5.8) 



2tt V2 7 k 4vr 
_ /cJ ^ _ , « cosh(CT) - cosh(2^ ) ~ ~ 

(OJIJJ02 - -(^1,11)51 - ±TT T- , (\llJ01 - U, (5j J52 - U, 

(Ji,ii)i = a 2 ^(vr T 2<r ), (Ji,ii) 2 = 6 2 ^(vr T 2<7 ). 

Z7T Z7T 

They are conserved in the process of splitting 

£ J = (Sf)o5 + (5^)05, 5^ = (5f )ia + (5jf ) 12 , 

^ = (5f) 02 + (S* ) 02 , = (5^)51 + (Sfi 7 ) 6 i, (5-9) 

Ji = (Ji)i + (Ju)i, J2 = (Jih + (Jnh- 

It is natural to transform (15. 8h to the center-of-mass systems of the final strings and explicitly find 
their energies and spins. (Sfu)pQ may be diagonalized by boosts in the YqY\ and I5I2 planes (|4.15p . 
(I4.16P with parameters 

<ii = /^n = T~(f ±*o). (5.10) 



We obtain the energies and AdS-spins of the fragments in the forrd_| 

= ^ 0^0+, -j— , Sf n = -5= U T + ~ -j—. (5.H) 



'Making use of (577}, we set sinh(/t(f =p ^0)) ->■ |e s( '^o) p 
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The evolution of the fragments (in the own center-of-mass system for each fragment) is described 



by 



(niihs = cosh(£ I , n £y ti ' iir? 



(^1,11)12 = ae 



(yi,n)i2 = sinhfonOe* 61 ' 11 " 

(X in ) 3 4 = ^KnU-^Lnf), 



where 



Kl n = «" 



,7TQ T 2<7q 

2vr : 



,7T =F2c7o 

= « ^ ! 

Z7T 



^1,11 = V- 



7T T20£ 

2tt : 



mi ii = m- 



T 2q- 
2vr 



(5.12) 



(5.13) 



and do satisfy (|5.6p if m ^ 0. Note, that while the AdS part of (|5. 12j) is just a large-spin approximation, 
the solution for the S 3 part is exact. 

Given (|5.4[) . (|5.12p and (|5.10p we see that, when the initial string, described by the formal k = lo 
limit of the string (|5.4p in AdSsxS 3 , splits into two pieces the world surface does not change and the 
fragments are described by the solutions of the same type as the parent string. 

In the general case, starting from the exact solution in AdSsxS 3 in the form (|5.ip . (|5.2p . we obtain 
the following expressions for the charges of the cut fragments (in the center-of-mass of the initial 
string): 



( 5 lJl)05 



d 2 + 



J" 2 



7T 



4K 2 \ 



-E 



am[k£ 1 o"o, — £ 2 



-t 



12 



J 2 



(Sin, 



02 



7T- 



±CJ- 



4K 2 [-£ 2 } 



E 



-a K[-l 2 

7T 



cn 



kt l u ,-£ 2 



kit 



(Sin) 
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l 2 cn 


KrVo, -P 


+ 





(5.14) 



(5^)01 = (5^)52 = 0, 



7T 



(Ji,ii)i = a 2 —(TT^2a ) 



2ir 



(Ji,nh = b 2 —(TvT2<ro) 

ZTT 



where £j and Sj are defined in (|5.3p . That may be transformed to the center-of-mass systems of the 
final states by the boosts in the YqY\ and Y5Y2 planes (|4.15p . (|4.16p with parameters 



smh(af n - p*) 



h ji(o; + k) 



(kCi,h + w§i, n ) 2 - M 2 u (lj + k) 2 
Mi,ii(w - k) 
(«Ci,n - w§i,ii) 2 - M 2 n (w - k) 2 ' 



(5.15) 



where Cyi, Syi and Mi,n are given by (|4.29|) with ^ replaced for I. 

The general expressions for the energies and spins of the fragments read 



£ ln = W («Ci,n + w§i,ii) 2 - M 2 jH ( w + K ) 2 + W(«Ci,n - w§i,ii) 2 - M 2 n (cj - k) 



5 ifn = I V («Ci,n + w§i,ii) 2 - M 2 n (u; + k) 2 - §^/(rcCi,n ~ w§i,n) 2 - 
(Jl,u)i = a 2 ^(7TT 2ffo), (Ji,n) 2 = b 2 ^(vr T 2<t ). 

These relations parametrically encode the conservation laws of splitting. 



I? n (w - rc) 5 
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The evolution of the fragments I and II is governed by the string equations (|2.4p and (|2.6p with the 
boundary conditions given by the initial string (|5.ip . (|5.2p on the intervals (|4.1ip at tq = with o"o 
satisfying (|5.6f) . The solutions describing the profiles of the fragments consist of AdS- and S 3 -parts. 
The expressions for the S 3 -parts presented in (|5.12p . but we are unable to find the exact expressions 
for the AdS-parts, due to the complexity of (I5.2p . Up to parameter definitions, the AdS-parts coincide 
with the solutions describing the splitted fragments of the folded string in pure AdS3. This is based 
on the fact that the only result of accounting for the S 5 is redefinition of k, uj — > k, w and discretizing 
of (To, if any. 

Concluding remarks 

In this paper we have investigated splitting of folded spinning strings in AdS3 and its generalization 
to include circular rotations and windings in S 5 . We computed the energies and spins of products of 
splitting and showed that in the case of splitting of strings with large AdS-spins (which is of greatest 
interest in the context of AdS/CFT duality) the cut fragments are described by the solutions very 
similar to the initial string. The complexity of the exact folded string profile prevents us from finding 
the evolution of the final fragments by solving the string equations with boundary conditions given 
by the initial string. However, one hopes that this might be reachable "indirectly" by applying the 
finite gap technique (see \27\ [28] for reviews). The profiles of the cut fragments are known at the 
moment of splitting, thus we can find the full set of the conserved charges for them, including the 
higher ones. This uniquely determines the algebraic surface which, being explicitly constructed, would 
allow the determination of the string profiles. Implementation of such an approach is promising, but 
quite complicated. It requires detailed investigation. 
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